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jt says that there 15 O
eneous equation. . '
hom;i‘e In this chapter we shall assume without proof the above basic
theorem ﬁ;r initial value problems associated with linear differential equations.

2.14. Some Useful Theorems
Theorem 1. A linear homogeneous equation of order n has not more
than n linearly independent solutions.

Proof. Letuy, ty, .- Uy b solutions of linear equation

P+t @ = 0, (1)
where m>n. Letx, be any point of a <x <b. Then consider the following n
equations in 7 unknowns €y, «..-; Cpyr
cytiy(rg) * ¥ Clin(Xg) = 0
tj(xg)+ .-+ Cutin(X0) 0,

-2)

™ V(xp)+ ...+c,,,ug'")(x0) =0

We know that a system of linear homogeneous equations has a non trivial

solution if the number of equations is less than the number of unknowns.
Here m > n. Hence there exists a non-trivial solution for the system (2).

Corresponding to such a non-trivial solution, we write
‘ o(x) = cjuy(x) + ... + ¢, u,(x). ..(3)
Since, u}, u, .., u, are solutions of (1), o(x) will also satisfy (1). Replacing
?3 l))yxo in(3) and using first equation of (2), we get (x,) =0. Now differentiating
, we get

and

. '(x) = qui(x)+...+cputly(%). ...(4)
Replacing x be x, and making use of the second equation of (2), we get

Scanned by CamScanner

—

Independence of Solution of Lincar Differensial Equarions 19
U:'(XQ) =_0- Again dif!'cruz-lia:c .(4)' use the third equaticn of {2 end pet similarty
0"(x;) = 0. Proceeding likewise we shal) gei )
tlx)) = v(x)= ...«
But y = 0 satisfies (1) and vanishes with all its derivetives &t g,
Consequently by the uniqueness theorem, i{x) = 0 fira < x < b Putting this
value of v(x) in (4), we get
o ey T A5
where ¢, ¢, ..., €,, are constants, not all zero. The equation (5) shows that w,,
U,, ..., 4, are dependent solutions of (1). This proves the required result.
Theorem IL Let uy, uy, ..., u, be alincarly dependent set of functions on
a<x<b, and let each function be (n - 1) times differentiable in (a, b). Then
the Wronskian of the set of functions is identically zero.
Prool. Since, by hyphothesis, the functions are linearly dependenton a <
x < b, there must exist constants c,. ..., c,, not all zero, such that
cu(x)+ .. +cu(x) = 0
ona < x <b. Since the given functions are differentiable (n - 1) times, we
defferentiate (n — 1) times and finaly obtain the n relations

1’” ’ “('x:j = {)

oM, = 0.

cuy(x) + ...+ cu,(x) = 0
cul(x)+..+cup(x) = 0,
nd Cl"{"'"(x)t..+c,,u,‘,"'”(x) = 0.

If we consider a particular value x = x, in (a, b) then (1) represents a
system of n homogeneous equations in i1 unknowns ¢, ¢y, ..., €,.. Since not all
¢’s are zero, the system (1) has a non-trivial solution. But this can happen only

if the determinant of the system vanishes, that is,
Wuy, uy, ..., u) (x5) = 0.
But x, is an arbitrary point of a S x < b, s0
W(u,, uy, ..., y,) (x) = Oona<xs b.

Corollary to Theorem L. If the Wronskian of a set of. "functions is not
zero, even at one point of the interval a S x < b, then the functions are linearly
independent ona<x <b.

Proof. Left to the reader.

Theorem IL [f u,, ..., u, be n solutions of a linear homogeneous equation
in the finite interval (a, b) whose Wronskian vanishes at any point (a, b), then
these solutions are linearly dependent. '

Proof. Lo) =Y +py" V4 4p, =0 (1)
is given differential equation. Letu,, ..., u,ben solutions of (1).

Let us consider the system of n homogeneous equations in n unknowns ¢,,

Cyy s €, GiVen below :
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cyuj(xp)+ .-t Cup(xe) = 0, : 3 . - y
................... 1 » . n
....................... b »n ¥
~ (N y =0 Q) ; W T s s
o " D xg)+oont Call (210? W Pt S
1 s one. H i L]
Now xhed;temlr;{el::;“;:fg’::“a(ng;_mffi‘;i s(;l‘l:;i)::%r‘g‘helch Vanighe, does not vanish identically. [Meerut 92,93, 96, 97)
is, hence . s Syst : .
?:y :',g:;z?i?g to such a non-trivial soution, we write Ystem ), Proof. Let the given determinant be denoted by I¥ (x). Then
0 -
v(x? = @)+ ..t o, (x) - noon ey
wherein Cpy orey € BT€ constants which are not all zero, W) = ); .Vz o y. L
Since uy, ..., U, Are solutions of L(y) = 0, v(x) will also be solution of HD e e
D Ty d using first equation of (2
=0. Replacmg x by x, In (3) ::‘ & o (2), we Bl (xg) =g, The condition is sufficient. Let Wix) = 0. Then we are to show that y,,
Now differentiating (3), we & ' ] Y2 +s y, are linearly independent.
d V') = clul(x)+..:+c,,u,,(,t)_ «{4) Lety,, y;, ..., y, be not linearly independent i.e., Y1Pp s Yy be lincarly
Replacing x by x, and using the §econd cquation of (2), we pey v'(x)=g dependent. Then, by definition, there must exist n constants Cpy Cqu ey Cpp OL
Again differentiate (4) and use the third equation of (2), then we 8ot (x))= i all equal to zero, such that
In this manner we get R ay +tay,+. . tay = 0. -2)
o(xy) = V() = .. =0 ) (x) = 0. Now from (2), we have

But y = 0 satisfies (1) and vanishes with all its derivatives at x,.

ay+ay +...+ay, = 0,
Consequently by the uniqueness theorem, Wx)=0fora<x<yp Using th?s

value of (x), (3) reduces to _ and ap{* 4oy h L rayth = 0.
eyt e, = 0 Assuming thata, # 0, (1) can be rewritten as
ona<x<b. Since the constants ¢y, ..., ¢, are not all zero, it follows that the ay, M e Ya
fufiction u}, ..., C, are linearly dependent on a < x < b. W) = L a.lTV; y; o y,',
/ Theorem IV. Lef the functions u,, ..., u, be solutions of an nth-order _ 4 a ly}';—l) ylz'n-l) ya=n
i homogeneous equation on a < x < b. Then either the Wronskian of
these functions is identically zero on a < x < b (in which case the functions are ; 2133 Izzyz -: -: 2,3’,‘, i; i’.‘
linearly dependent) or it does not vanish at any point a <x <b (in which case Senl il va i o
the functions are linearly independeni). "a Ry LI V4 +a - o b
Proof. We know that the functions uy, ..., u, are either linearly dependent [Performing C, — C, + aCy+a,Cy+..+a,C)
or linearly independent. If they are dependent, their Wronskian vanishes 0y .y
identically on @ < x < b, by theorem 11. On the other hand, if the functions are : ilo yi .VE
independent, their Wronskian cannot vanish at any pointof a<x <b. Forifit : = ]
did, the functions would be linearly aependent by virtue of theorem II1. | ! 0 yz"") yf."")
Note. For complete proof of theorem IV, the proofs of both the theorems =0,
Wand Il must be given.

showing thatify,, y,, ..., y, are linearly dependent, then #(x) will be identically
equal to zero. [tthen follows that if W(x) = 0, then Y15¥35 -, Y, Must be linearly
independent,

Theorem V, T7e necessary and sufficient condition that the n integrals
vV -, of the linear differential equation

@YY+ Py Ny 4y Py=0,

where P,, 22 P are functions of x or constants, are linearly independent is
that the determingny

The condition is necessary, Let Y11 Y3 -~ ¥, be linearly independent.
Then we are to show that W(x) « 0.

_;
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Let "“.I.mm' nofthe form ) w\,\c shall prove it by using n::; :
o ¢ aumber of functions: Suppose that the condition hu!};m&k*i
Sing,

ie. il
- gcetion ©
jnductit " uctions-

case (:l (fl ';'w il follows (hat W(x) must be reducible to a fom

SInLemcnb of one colum? (or row) are Zero. Accordingly th“ ey

all e e mulilplit’n‘ Ay Ay Ay such that » Were Mg

i lcﬂmm ! S -
exis AN + A t ot A Ye = 0
At HA? sttty =0

{n “4’}»1\(" Dy 4"‘r\-"ﬁl’l-n =0 “)

and it ed
1)ichrcmiming cach :

{he next following cquation, W¢ get
A +A2 oAy, =0
Api At Ay =0,

and AD:{"”N).'Z)V(Z"'Z)+...+)»;lyf,"’z) = 0.
N N2 Vn
-y{ yZ e y"
Consider the matrix, M= | 7
)';"—2) ygn—l) . _)’,(:'-2)

) of these cquations and then substracting each,
from

«{5)

Suppose that one of the determinants of order n — 1 formed from th
3

above matrix M vanishes, say the one formed by omitting the rth column, th
,then

by hypothesis there exist is 2 relation of the form

ey e +a.t 6 )r- I DR RS Py 0.
On the other hand if none of the above mentioned type of determinants
vanish, then from (5) and the first (n- 1) equations in (4), we have

MM b
M )‘z""' A, F-(Sa)’)

d: d\
fram (6, = or L =k or 3 = h

Integrating, log A, —log @ = J-/ldx orA, =a Pl

Similarly, (6) gives A, = azel'"t s g = a,,e“J &

A6

I

Here a;, g, .. 4, AT the constants of integration. Puting the values of A,
Mgy y BiVED BY (7) in first of the equations (3) and dividing by JHE wehave

{ aLy|+a]y2+...+a”yn = 0.

Thus, if the result holds for r— 1 functions, it holds also for n functions.

We now prove that the result holds for one function. Now,
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solutions.

Sol, The Wrenskian of vy and ¥y(0
¥ wiol _l sin3x cos Iy \_ _.35-“17 3x - 3(03) 3x
() it “|3cos s 3sin 3¢

Wl = ‘
= -.3 (sin: e+ cos 30 =~ 120
Since W0 = 0 ¥ (x) and wy(x) are lincarly independent

y +»=0

solutions of

ay are solutions of the dlj]'crcnllal

Ex. 2. Prove that sin 2x and cos = v o
equationy” * 4V = 0 and these solutions are linearly in¢ ependent.

. - |Delhi (B.S€) (G)1998)

Sol. Given equation s =0, QY

Let y (x) = sin 2¢ and y,(x) = €08 2% A2

Now. y; = 2c0s 2cand W' * ~4 sin 2x. Ne))

) —4s'mlx*4sil\lt=>0.by(2):md(3)

vi(n) Fne
1). Similarly we can prove that y,(x)

Hence, y,(x) =5 2¢ is a solution of (
is a solution of (1)

Now, the wronskian W(x) of y,(x) and y,(x) is given by
y(x) ) - sin2x  €082X | - _ 2 T o 2
Lo m,,\ \2c052x e 2cos 2

- _2(sin 2x + ot 20) = - 220

Since W(x) # 0, sin 2x and cos 2x are linearly independent solutions of
.

Ex. 3. Show that linearly independent solutions of y' = PAR 0 are
& sinxand €' cosx. What is the general solution ? Find the solution y(x) with

Wix) =

the property W0) = 2,y'(0)=3. [Delhi B.Sc. (P) 96]
Sol. Given equation is yr =2y’ +2y= 0. (1)
Let »&® = & sin x and y(x) = € cos . .2)

From (), »(x) = Asinx+é cosx=¢ (sinx+cos x) E))

From (3), »(x) = & (sinx +cosx)+ ¢ (cos x—sinx) =2 ok k)

Ve



